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tion, in the interfacial transition zone between aggregate particles and cement matrix, is governed by an
exterior-point Eshelby solution. The model assumes a two-phase elastic composite, derived from an
Eshelby solution and the Mori–Tanaka homogenization method, to which circular microcracks are added.
A multi-component rough crack contact model is employed to simulate normal and shear behaviour of
rough microcrack surfaces. The development of the microcrack initiation criterion and the rules adopted
for microcrack evolution are a particular focus of the paper. Finally, it is shown, on the basis of several
numerical simulations, that the model captures key characteristics of the behaviour of cementitious com-
posites such as concrete.
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Extensive research has been carried out over the last few dec-
ades in order to explain and model damage phenomena in quasi-
brittle materials such as concrete. It is generally accepted that
the heterogeneous structure of such materials observed at micro
and meso levels determines their complex macroscopic behaviour
and failure mechanisms (van Mier, 1997).
A number of macroscopic phenomenological models based on
damage and plasticity theories have been formulated (e.g. Comi
and Perego, 2001; di Prisco and Mazars, 1996; Este and Willam,
1994; Feenstra and de Borst, 1995; Lee and Fenves, 1998; Grassl
et al., 2002; Grassl and Jirásek, 2006; Nguyen and Korsunsky,
2008), in which the plastic and damage internal variables have
been assumed to be scalars, vectors or higher order tensors.
Although their numerical implementation in ﬁnite element codes
is sometimes relatively straightforward, they do not, in general,
properly capture all of the physical mechanisms that control the
complex behaviour of these materials and can often use parame-
ters that are difﬁcult to determine and which do not have physical
meanings.
In recent years, several models that aim to capture macroscopic
behaviour by simulating the physical mechanisms at micro and
meso levels have been developed using a micromechanical
approach. Pensée et al. (2002) and Pensée and Kondo (2003) for-
mulated an anisotropic damage model by employing a microme-ll rights reserved.chanical solution for an elastic solid containing non-interacting
penny-shaped microcracks and an energy release rate-based dam-
age criterion that incorporates frictionless crack closure. Gambar-
otta (2004) proposed an anisotropic friction-damage model based
on the solution of an elastic body containing plane cracks. Pichler
et al. (2007) combined fracture energy theory and continuum
micromechanics to formulate a damage evolution law in a tensile
strain-softening model for brittle materials based on the propaga-
tion of interacting microcracks. Recently, Zhu et al. (2008, 2009)
developed an anisotropic damage model using the classic Eshelby
inclusion solution and a thermodynamics-based damage evolution
law coupled with Coulomb friction sliding along closed crack sur-
faces. Unilateral effects as well as the interaction, shape and spatial
distribution of microcracks were taken into account through a
homogenization procedure based on the scheme proposed by Pon-
te-Castaneda and Willis (1995).
Micromechanical solutions have also been employed to develop
effective models for the prediction of elastic and strength proper-
ties of cementitious materials (Pichler and Hellmich, 2011).
The Microplane model was originally inspired by micromechan-
ics (Bazant and Prat, 1988) but was subsequently developed along
a more phenomenological path (Bazant and Caner, 2005) and thus
differs from the more mechanistic micromechanical models dis-
cussed above.
Jefferson and Bennett (2007, 2010) developed a micromechani-
cal model that simulates a two-phase composite material
containing randomly distributed penny-shaped microcracks which
develop according to a local damage evolution function. The
Mori–Tanaka homogenization method was adopted to account
for the interaction between microcracks. Stress recovery across
Fig. 1. Microcracking and rough contact concepts.
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tact component introduced into the model.
The primary purpose of the work reported in this paper is to de-
velop a constitutive model in which mechanisms described by mi-
cro-mechanical solutions are employed to predict the
characteristic response of particulate cementitious materials. The
work at this stage is concerned only with mature properties and
mechanical behaviour. The model employs the essential ideas de-
scribed in Jefferson and Bennett (2007, 2010), however the present
model adopts a more mechanistic approach in that a number of
phenomenological aspects of the previous model have been re-
placed with mechanistic components. The particular focus of the
present contribution is the use of the exterior point Eshelby
(EPE) solution to compute stress concentrations in the interfacial
transition zones (ITZ) around inclusions. This is subsequently used
to develop a microcrack initiation criterion and evolution function.
In essence, the exterior point Eshelby tensor describes the distur-
bance in a stress or a strain ﬁeld created by an ellipsoidal (in this
case spherical) inclusion within the surrounding matrix phase.
This article is structured as follows:
 Section 2 gives the model theory which has 5 essential compo-
nents as follows;
– Section 2.1: two phase composite solution for elastic matrix
and spherical inclusions.
– Section 2.2: added compliance due to microcracks.
– Section 2.3: exterior point Eshelby (EPE) solution.
– Section 2.4: stress recovery through rough crack contact.
– Section 2.5: microcrack initiation criterion (based on the EPE
solution) and the microcrack evolution function.
 Section 3 presents a study on the EPE based crack initiation cri-
terion and discusses the characteristics of the rough microcrack
surfaces. The sub-sections are arranged as follows;
– Section 3.1: the interfacial transition zone (ITZ) of a two-
phase composite.
– Section 3.2: location of microcrack initiation.
– Section 3.3: sensitivity of the EPE solution with respect to
elastic properties.
– Section 3.4: brief summary of ﬁndings from EPE study.
– Section 3.5: variability of the crack surface roughness.
 Section 4 deals with the numerical implementation of the
model and provides an algorithm for the stress calculation
procedure.
 In Section 5, numerical predictions of uniaxial, biaxial and triax-
ial tests are compared with experimental results in order to
evaluate the performance of the model. In addition a parametric
study is presented on the effects of varying the roughness
parameters.
2. Theoretical components of the model
The model simulates a two-phase composite comprising a ma-
trix phase (m) that represents the mortar and spherical inclusions
(X) that represent the coarse aggregate particles. The composite
incorporates randomly distributed penny-shaped microcracks
with rough surfaces on which stress can be recovered. It is as-
sumed that the microcracks are initiated at the matrix-inclusion
interface and then propagate through the matrix phase. This ideal-
ization is illustrated in Fig. 1.
2.1. Elastic two-phase composite
The average elastic properties of the two-phase composite and a
relationship between the mean stress in the matrix phase and the
average stress in the composite were determined by means of the
classical Eshelby inclusion solution combined with the Mori–Tanaka homogenisation scheme for a non-dilute distribution of
inclusions (Nemat-Nasser and Hori, 1999). Thus,
r ¼ DmX : ee ð1Þ
rm ¼ WmX : r ð2Þ
where r and e are the average or far-ﬁeld stress and strain tensors
respectively and where subscript e denotes elastic strain compo-
nents. DmX = (fXDX : TX + fmDm) : (fXTX + fmI4s)1, WmX = Dm :
(fXDX : TX + fmDm)1. fb is the volume fraction of the b-phase
(b =m or X) and fm + fX = 1. TX = (I4s + SX : AX), AX = [(DX  Dm) :
SX + Dm]1: (Dm  DX), SX is the Eshelby tensor for spherical inclu-
sions (Nemat-Nasser and Hori, 1999), Db is the elasticity tensor of
the b-phase and I4s is the fourth order identity tensor.
2.2. Additional strain due to penny-shaped microcracks
The added strains from a dilute distribution of penny shaped
cracks were next obtained from Budiansky and O’Connell (1976).
For each set of microcracks with the same orientation, the added
strain components are as follows:
ea ¼ f 16ð1 t
2
mÞ
3Em
rrr
4
2tm rrs
4
2tm rrt
2
64
3
75 ð3Þ
where Em is the Young’s modulus of the matrix. f is the crack density
parameter of Budiansky and O’Connell which was subsequently and
more conveniently expressed in terms of a directional damage
parameter x that grows from zero (undamaged state) to one (fully
damaged state). r, s, t deﬁne the unit local coordinate vectors, with r
being the vector normal to the microcrack surface.
It proves convenient, particularly when rough contact (Section
2.4) is included in the formulation, to extract the added strains
from an assumed band of matrix material which contains the
microcracks, such that they are the same as those given by Eq. (3).
Deﬁning the local elastic compliance tensor as CL, or in ‘stiff-
ness’ form as DL ¼ C1L
 
, and noting that this has only non-zero
components relating to rr, rs and rt components, as in Eq. (3), the
local stress–strain relationship may be deﬁned as follows
s ¼ ð1xÞDL : eL ð4Þ
in which DL, in reduced matrix form, is given by DL ¼
Em
1 0 0
0 2tm4 0
0 0 2tm4
2
4
3
5 and s = [rrr rrs rrt]T is the local stress tensor
in reduced vector form.
From (3), the added microcracking component of the strain ten-
sor, which is equal to ea, is given by
ea ¼ eL  eLe ¼ 11x 1
 
CL : s ð5Þ
with eL being deﬁned as the local strain within the microcracking
material band.
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f ¼ 3
16ð1 t2mÞ
x
1x
 
ð6Þ
and
ea ¼ x1x
 
CL : s ð7Þ
In addition, it is also noted that in this case the added strains may
also be written
ea ¼ xeL ð8Þ
The total added strain (ea) is obtained in the standard manner (Ne-
mat-Nasser and Hori, 1999) by integrating the contributions from
all directions around a hemisphere as follows
ea ¼ 12p
Z
2p
Z
p
2
Ne : CL : N
xðh;wÞ
1xðh;wÞ sinðwÞdwdh
 !
: r ð9Þ
in which Ne and N are the strain and stress transformation tensors
respectively (Jefferson, 2003). The integration over a hemisphere in
Eq (9) is evaluated numerically using McLaren’s integration rule
with 29 sample directions (Stroud, 1971).
The overall average strain is then given by:
e ¼ ee þ ea ð10Þ2.3. Exterior point Eshelby. Stress outside an inclusion
In Jefferson and Bennett (2010) the cracking criterion was based
on the average matrix strains, which in fact implies that cracking
may be initiated anywhere in the matrix. In an attempt to obtain
a better estimate of the cracking stress, microcracks are now as-
sumed, based on experimental evidence, to initiate in the interfa-
cial transition zone surrounding aggregate particles due to tensile
stresses, shear stresses or a combination of the two (van Mier,
1997). For this purpose, a criterion based on the exterior point
Eshelby solution is employed. Before discussing the criterion, this
solution will be presented for an elastic two-phase composite.
According to Ju and Sun (1999), the total strain emX and the to-
tal stress rmX, at any local point in the matrix domain, deﬁned by
the position vector x relative to the centre of the inclusion (Fig. 2),
can be written as:
emXðxÞ ¼ e0 þ SEðxÞ : es ð11Þ
rmXðxÞ ¼ Dm : emXðxÞ ð12Þ
where e0 and r0 are the far-ﬁeld strain and stress tensors, respec-
tively. SE(x) is the so-called exterior-point Eshelby tensor. For sphe-X1 
X2
X3 
a 
x 
A 
x
Fig. 2. Schematic representation of a spherical inclusion contained in an inﬁnite
elastic matrix.roidal inclusions the explicit components of SE(x) are derived in Ju
and Sun (1999). Li et al. (2007) particularized Ju and Sun’s solution
and obtained the explicit components for spherical inclusions in an
inﬁnite elastic medium in the following form:
SEijmnðxÞ ¼
q3
30ð1 tmÞ ½ð3q
3 þ 10tm  5Þdijdmn
þ ð3q3  10tm þ 5Þ  ðdimdjn þ dindjmÞ
þ 15ð1 q2Þdijxmxn þ 15ð1 2tm  q2Þdmnxixj
þ 15ðtm  q2Þ  ðdimxjxn þ dinxjxm þ djmxixn þ djnxixmÞ
þ 15ð7q2  5Þxixjxmxn ð13Þ
where tm is the Poisson’s ratio of the matrix, q = a/jxj, jxj ¼ ﬃﬃﬃﬃﬃﬃﬃxixip , a
is the radius of the spherical inclusion and xi represent the unit po-
sition vector components, i = 1,2,3 (Fig. 2). The unit position vector
x is set to the current sample direction vector.
es in Eq. (11) is the eigenstrain given by Ju and Sun (2001):
es ¼ ðAþ SXÞ1 : e0 ð14Þ
where A = (DX  Dm)1  Dm is the fourth-order elastic ‘‘phase-mis-
match’’ tensor.
Replacing the eigenstrain in Eq. (11) with Eq. (14) gives:
emXðxÞ ¼ ½I4s þ SEðxÞ : BX : e0 ¼ TðxÞ : e0 ð15Þ
where tensor BX =  [SX + (DX  Dm)1  Dm]1.
The Mori–Tanaka homogenization scheme for a non-dilute
distribution of inclusions is applied in order to account for the
interaction between inclusions. According to this scheme, the dis-
turbance strain can be expressed in terms of the average matrix
strain rather than the far-ﬁeld strain. Hence, Eq. (15) becomes:
emXðxÞ ¼ TðxÞ : em ð16Þ
Moreover, it can be shown that the strain in the inclusions eX is re-
lated to the average matrix strain in a similar fashion:
eX ¼ TX : em ð17Þ
The overall average strain is given by:
e ¼ fXeX þ fmem þ ea ð18Þ
Making use of Eq. (17) in Eq. (18) and rearranging gives:
em ¼ ½fXTX þ fmI4s1 : ðe eaÞ ð19Þ
Replacing the expression of the average matrix strain in Eq. (16):
emXðxÞ ¼ TðxÞ : ½fXTX þ fmI4s1 : ðe eaÞ ð20Þ
The stress ﬁeld in the matrix is subsequently obtained by introduc-
ing Eq. (20) into Eq. (12):
rmXðxÞ ¼ Dm : TðxÞ : ½fXTX þ fmI4s1 : ðe eaÞ ð21Þ
The stress and strain tensors in the matrix on each local plane are
then as follows.
smXðxÞ ¼ Ni : rmXðxÞ ð22Þ
eLmXðxÞ ¼ CL : smXðxÞ ð23Þ2.4. Rough Crack Contact Model – stress recovery
Rough crack closure was originally included in the model based
on the macroscopic experimental observation (Walraven and Rein-
hardt, 1981) that cracks can regain contact with normal and shear
movement and therefore stress can be transferred across the rough
crack surfaces. However, it was argued (Jefferson and Bennett,
2007) that the same observations apply at micro and meso levels.
The main principles are presented in Fig. 3.
mg
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v
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Contact surface 
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region
Open
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Fig. 3. Concepts of the contact model.
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(right circular cones) bounded on either side by bands of elastic
material. Parameter mg characterizes the tortuosity of the crack
surface and also deﬁnes the slope of the contact surface.
The local stress tensor is written as a sum of the average stress
on undamaged material and the recovered stress on microcracks in
contact:
s ¼ su þ sr ¼ ½ð1xÞDL : eL þ ½Hf ðeLÞxDL : g ð24Þ
The latter component depends upon the state of damage –
through the damage parameter x – and on the state of contact –
through the embedment strain g
g ¼ U : eL ð25Þ
In the interlock region, the magnitude of the embedment strain is
the nearest distance to the contact surface in the shear – normal lo-
cal strain space (Jefferson, 2002) and the expression for the contact
matrix was demonstrated to be:
Ug ¼ 11þm2g
@/int
@eL
 
@/int
@eL
 T
þ /int
@2/int
@e2L
 !
ð26Þ
where /intðeLÞ ¼ mgeLrr 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e2Lrs þ e2Lrt
q
is the contact surface. Hf is a
shear contact reduction function that reﬂects the fact that as the
crack opening increases the potential for shear transfer reduces. It
is assumed that the value of the Hf function is proportional to Aw/
Ab (Fig. 4) giving
Hf ¼ 1wlt
 2
: ð27Þ
in which w is the crack opening and lt is the height of the cone
(asperity) taken as the limiting crack opening displacement (or rel-
ative-displacement at the end of the softening curve) u0. Strains are
related to displacements by the characteristic length which here isl t
w
l t
-
 
w
 A
B B
2mg(lt-w)
2mglt
A-A
B-B
Aw
Ab
1
mg
Ab
Aw
 A
Fig. 4. Schematic representation of the geometrical assumption for reduction in
contact l.taken as the maximum size of the coarse aggregate particles dmax,
i.e. e0 = u0/dmax. Hence, the contact reduction function can be writ-
ten in strain terms as
Hf ¼ ð1 gLÞ2 ð28Þ
where gL ¼ eLrretme0
 
and etm is the matrix strain at ﬁrst uniaxial
damage.
However, for numerical reasons, the following exponential
function, which provides an adequate match to Eq. (28), was pre-
ferred in order to avoid the gradient discontinuity when gL = 1,
Hf ¼ eclgL ð29Þ
in which cl is taken to be 3.
In Jefferson and Bennett (2010), the local recovered stress was
based on a single contact surface, however in reality the asperities
of a real crack have different heights and contact angles (mg). To ac-
count for these variations the recovered stress is now written as a
summation which allows for statistical distributions of the crack
roughness parameters, as follows
sr ¼ xDL :
X
k
pkHfkUk
 !
: eL ð30Þ
The asperities heights for each component k are denoted kku0.
As discussed in Section 3.5, it was found that crack surfaces
tend to have a bimodal distribution of asperity heights which are
associated with k values of 1 and 0.1.
Using Eq. (30), the expression of the added compliance
becomes:
Cca ¼ ð1xÞI2s þx
X
k
pkHfkUk
" #1
 I2s
2
4
3
5  CL ð31Þ
Rearranging Eq. (1) and making use of Eqs. (9) and (31), the average
stress – average strain relationship is obtained:
r ¼ I4s þ DmX 12p
Z
2p
Z
p=2
Ne : Cca : N sinðwÞdwdh
 !1
DmXe ð32Þ2.5. Crack initiation criterion and evolution function
Microcracking is assumed to initiate in a band ofmatrixmaterial
in the ITZ (Interfacial transition zone)when the local principal stress
(sI) within this band exceeds the initial tensile strength of the inter-
face fti. This then deﬁnes the initial damage surface Fs as follows
Fsðs; ftiÞ ¼ sI  fti ¼ 0 ð33Þ
If the only non-zero components of the local elastic strain tensor are
assumed to be the rr, rs and rt components, then the local principal
stress is given by
X1 
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 
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2rr
1 aL
2
 2
þ s2L
s
ð34Þ
in which sL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2rs þ s2rt
p
and aL ¼ tm1tm
 
noting that s = smX, as
given by Eq. (22)
The local microcrack function (or local damage function) may
equivalently be expressed in terms of local strains and an effective
local strain parameter f as follows,
FfðeL; fÞ ¼ eLrr
1þ aL
2
 
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
eL2rr
1 aL
2
 2
þ r21c2
s0
@
1
A f
¼ fdðeLÞ  f ð35Þ
in which c ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e2Lrs þ e2Lrt
q
and rf ¼ tm1=2tm1
 
.
Eq. (35) is subject to the standard loading/unloading condition
Ff 6 0; _fP 0; Ff _f ¼ 0 ð36a;b; cÞ
Once formed, microcracks are assumed to extend whenever the
above loading condition is satisﬁed.
eL is taken as the sum of the peak elastic strain in the matrix
phase (eLme), which is based on smX and the local microcracking
strain as follows;
eL ¼ eLme þ ea ð37Þ
where eLme and ea are obtained as follows
eLme ¼ ð1xÞCL : smX ð38Þ
ea ¼ xNe : e ð39Þ
and in which smX is calculated from equation Eqs. (21) and (22) and
remembering that x =x(h,w).
It is noted that debonding is not simulated explicitly in the
present model which is in contrast to the models of Ju and Lee
(2001), Sun et al. (2003) and Viola and Piva (1981); rather, micro-
cracking is simulated by added strains (increased compliance)
within the matrix.
The ﬁnal element of the microcracking theory is the evolution
function which links the local damage parameterx with the effec-
tive local strain parameter f. Here an established experimentally
derived exponential equation is used.
x ¼ 1 etm
f
e5
fetm
e0etm ð40ÞD1 D2 
D3 
D4
D5 
D6 
ψ
X2 
0 
Representative 
direction 
ψ
D1 90° 
D2 64.76° 
D3 45° 
D4 35.26° 
D5 17.55° 
D6 0° 
Fig. 5. Representative directions.
Table 1
Material properties.
Material property Physical meaning Value
Em (MPa) Young’s modulus of mortar 31,000
EX (MPa) Young’s modulus of aggregate particles 55,000
tm Poisson’s ratio of mortar 0.19
tX Poisson’s ratio of aggregate particles 0.21
fti(MPa) Tensile strength of ITZ 1.0
u0 (mm) Crack opening at the end of softening curve 0.08
dmax (mm) Maximum aggregate size 103. Discussion on EPE based crack initiation criterion and rough
microcrack characteristics
3.1. The interfacial transition zone (ITZ) of a two-phase composite
The motivation for the development of a new crack initiation
criterion lies in experimental observations which indicate that
damage in normal strength concrete is initiated in the aggregate
– hardened cement paste interfacial transition zone (ITZ) and that
the onset of cracking is governed by both normal and shear stres-
ses (van Mier, 1997). The elasticity solution presented in Section
2.3 certiﬁes the existence of a sharp gradient, adjacent to a mate-
rial discontinuity, in the stress ﬁeld that generates a peak in the
vicinity of the inclusion.
It is generally accepted that the ITZ is a region around ﬁne and
coarse aggregate particles in concrete which has a signiﬁcantly
higher porosity than the bulk cement paste due to the so called
‘‘wall’’ effect (Ollivier et al., 1995; Scrivener and Nemati, 1996).
Studies by Scrivener et al. (2004) and Ollivier et al. (1995) show
that the thickness of the ITZ between aggregate particles and
hardened cement paste (hcp) is comparable to the size of cementparticles, which typically range between 20 and 100 lm. However,
the transition zone between mortar (comprising hcp and sand) and
coarse aggregate particles is not very well deﬁned in the literature.
Caliskan et al. (2002) assumed the transition zone to be the region
between the coarse aggregate particles and the part of the mortar
matrix which is free of sand particles. According to Monteiro et al.
(1985), the transition zones around sand particles interfere with
those around coarse aggregate particles and the intensity of this
interference determines the ﬁnal thickness of the transition zone.
Moreover, the thickness of the mortar – coarse aggregate interface
depends upon the size and shape of the sand rather than cement
particles (Caliskan et al., 2002; Monteiro et al., 1985). These obser-
vations would suggest that the size of the mortar – coarse aggre-
gate transition zone is considerably greater than the cement
paste –aggregate ITZ thickness and has a size which is of the same
order as the ﬁne aggregate particle size rather than that of the ce-
ment grains.
3.2. Location of microcrack initiation
As explained in Section 2.5, microcracking is initiated when the
local principal stress (sI), which depends upon the local stress ﬁeld
in the matrix, exceeds the tensile strength of the interface fti. In or-
der to establish the existence and location of a peak in sI, an anal-
ysis was carried out to obtain the variation of the local matrix
stress (Eq. (22)) and local principal stress (Eq. (34)) with direction
and distance from the inclusion. Due to symmetry, and for the pur-
pose of the study, the 29 sample directions of the integration rule
were reduced to six representative directions contained in the
cross-section plane X1X2 and deﬁned by angle w (Fig. 5), in which
Xi denote Cartesian coordinates.
Uniaxial compression and tension cases, with respect to the
composite material, were considered for which the loading direc-
tion was set to be direction D1 and for which the elastic properties
in Table 1 were employed. The results from this analysis are pre-
sented in Figs. 6a and 6b.
The value of the compressive stress used to generate these data
was chosen to be that which would just initiate cracking in the ITZ
in the lateral direction D6, even although it is recognised that this
would not be the ﬁrst direction to crack. Fig. 6a shows the variation
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trix stress smX with the normalized distance parameter q for all six
representative directions. The same analysis is performed for uni-
axial tension and the results are shown in Fig. 6b. A tension posi-
tive sign convention is adopted unless otherwise indicated.Fig. 6a. Variation of local principal stress and local stress compNo attempt has been made to allow for a variation of elastic
properties in the ITZ but it has been shown experimentally, for
example by Hsu and Slate (1963) and van Mier (1997, Chapter
2), that the strength of the ITZ is signiﬁcantly below that of the
bulk matrix material. Hsu and Slate suggest the ITZ/matrix tensileonents in representative directions (uniaxial compression).
3318 I.C. Mihai, A.D. Jefferson / International Journal of Solids and Structures 48 (2011) 3312–3325strength ratio (rim) varies from 0.33 to 0.67. Thus, when consider-
ing the data shown in Figs. 6a and 6b, it is the value of sI, relative to
the material strength at the location under consideration, that is
relevant and which governs the assumed cracking criterion.Fig. 6b. Variation of local principal stress and local stress comIn uniaxial compression, the peak in sI occurs at the interface for
directions D3–D5 whilst for direction D6 (with no shear) the peak
occurs at approximately at q = 0.75. It may be seen that sI is
strongly inﬂuenced by the local shear stress and thus initial dam-ponents in representative directions (uniaxial tension).
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location of the interface (q = 1).
In uniaxial tension the location of crack initiation is also at the
interface (q = 1) and the local principal stress function displays no
other maxima.
3.3. Parametric study
A parametric study was carried out in order to assess the valid-
ity of the ﬁndings from EPE analyses for a range of realistic values
of elastic properties. A typical mortar mix of normal strength can
be characterized by a Young’s modulus of Em = 31 GPa and a Pois-
son’s ratio of tm = 0.17. According to van Mier (1997), for fre-
quently used types of coarse aggregate, the values of Young’s
modulus can vary between 35 and 120 GPa and Poisson’s ratio be-
tween 0.17 and 0.25. For Young’s modulus, the corresponding
range of the relative aggregate-mortar ratio EX/Em is 1.1–3.9 and
for Poisson’s ratio the relative proportion tX/tm ranges 1–1.5.
The variation of the local principal stress for direction D6 is shown
for the uniaxial compressive case, for the given range of Young’s
modulus and of Poisson’s ratio. It can be observed in Fig. 7a and
b that the local principal stress peak is present for virtually every
value in the realistic range of elastic properties. The peak value de-
pends upon the ratio of the Young’s moduli whilst the variation of
Poisson’s ratio produces but little change in the peak position.
3.4. Summary of ﬁndings from EPE study
The following conclusions are drawn from the above investiga-
tion of the EPE crack initiation criterion
 Although the current model does not contain a distinctive com-
ponent to simulate the ITZ, it is concluded that microcracking
will always initiate in a region close to the matrix-inclusion
boundary where coarse aggregate – mortar interface properties
apply.-0.5
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Fig. 7. sI vs. q for varying elastic parameters: (a) Young’s modulus. (b) Poisson’s
ratio. The EPE solution adopted is able to capture tensile stress con-
centrations in the proximity of inclusion – matrix interfaces
and in directions lateral to a compressive loading axis. The lat-
ter are compatible with the phenomenon of lateral splitting in
uniaxial compression which is considered to be one of the
causes of microcrack initiation (van Mier, 1997).
 The crack initiation criterion takes into account the inﬂuence of
both tensile and shear stresses on interface microcracking.
 The EPE solution enables the use of realistic material properties.
It is noted that this last point is in contrast to the previous mod-
el (Jefferson and Bennett, 2010) for which it was necessary to em-
ploy somewhat unrealistic elastic properties in order to obtain the
correct cross-cracking response.
The EPE microcrack initiation criterion may be summarised as
follows.
Loop over sample directions ni, for i = 1 to np.
Is direction ni already cracked?
No
Find ðsI=ft Þmax and associated position q.
If ðsI=ft Þmax > 1, microcracking is initiated. Evaluate
initial damage parameter using local stress given by
Eq. (22).
Yes
Update damage parameter using local strain tensor (Eqs.
(37)–(39)).
Note:
ft ¼ fti if qP 0:7
ft ¼ ftm if q < 0:7
where ftm is the tensile strength of the matrix.
3.5. Crack surface roughness
In the development of the contact model (Jefferson, 2002), the
author derived a linear expression for the interlock surface:
Uintðu;vÞ ¼ mgu jvj ð41Þ
where u is the crack opening and v is the shear displacement at
which contact is regained.
This function can be measured directly by forming a crack in a
specimen under normal loading, to a certain opening, and then
loading the specimen in shear, whilst maintaining the same open-
ing, until signiﬁcant contact is detected, i.e. the shear and normal
compressive stresses start to increase signiﬁcantly. This can be
repeated for different openings and the contact (i.e. ‘interlock’)0
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Fig. 8. Experimental and numerical rough contact surface.
Table 2
Contact parameters.
Contact
parameter
Physical meaning Value
mg Tangent of contact
angle
0.25 0.4 0.8 0.5 1 2
k Height of asperity/u0 1 1 1 0.13 0.13 0.13
p Proportion 0.2 0.01 0.05 0.01 0.01 0.01
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followed by Walraven and Reinhardt (1981).
The linear function of Jefferson was found to match reasonably,
in a particular relative-displacement range, the regression analy-
sis-based relationship of Walraven and Reinhardt (1981):Fig. 9. Algorithm for a ss ¼  fcu
30
þ ½1:8u0:80 þ ð0:234u0:707  0:20Þ  fcu  v ð42Þ
where s is the shear stress, fcu the compressive strength and in
which the dimensions are assumed to be N and mm.
The single value of mg which gives the best ﬁt to Eq. (42) in the
range u = 0 to u0 is mg = 0.25, as illustrated in Fig. 8. However, as is
clear from micrographs of real crack surfaces (e.g. van Mier, 1997),
asperities do not have all the same height and slope.
In order to explore the variable nature of these surfaces, a
study was made of micrographs and images obtained using vari-
ous non-destructive techniques (In particular, see Plates 4–6 in
van Mier, 1997, Fig. 15 in Bache and Nepper-Christensen, 1965,
Fig. 6 in Elarqra et al., 2007, Fig. 1 in Mouret et al., 1999, Figs. 8
and 9 in Nichols and Lange, 2006). From this study, the followingpeciﬁed strain path.
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crack surfaces in normal strength concrete at micro, meso and
macro levels.
(i) Fine microcracks in the hardened cement paste (hcp) phase
are approximately smooth relative to u0.
(ii) Microcracks that develop around ﬁne aggregate particles
tend to form sinuous paths that bridge-over the ﬁne aggre-
gate particles consequently increasing the roughness of the
crack surface (implying that mg should decrease).
(iii) Excluding the smooth sections of crack surface, the micro-
crack surfaces may be broadly split into two components
which may be alternatively expressed as a bimodal distribu-
tion of asperities heights (Table 2).0
0 50 100 150
Crack opening (μm)
Fig. 10b. Example 1. Uniaxial tension prediction. Inelastic response only.(a) the ﬁrst component is characterized by asperity heights
of the order of u0 and contact angles ranging from the
sharp mg value suggested by Walraven’s function (Eq.
(13)) to 0.8,
(b) the second component is characterized by asperity
heights of u0/10 and somewhat shallower contact angles
(mg in the range 0.5–2).When a rough crack is reloaded, it is assumed that, due to mis-
alignments and loose material becoming lodged between the sur-
faces, the smooth sections do not regain direct contact.
It is noted that the model represents the roughness around
coarse aggregate particles by the variation in the overall micro-
crack plane orientations (r(h,w)) and openings, and it is the micro-
crack roughness (Fig. 1) that is being addressed here.
The above observations have been used as a guide to selecting
roughness parameters for the model but since the model does not
perfectly represent all of the complexities of the contact behaviour
between crack surfaces some tuning of the parameters was neces-
sary after reasonable ranges for the parameters were established.
4. Numerical implementation
The constitutive model presented above has been implemented
in a MATHCAD sheet using the algorithm in Fig. 9.
5. Model parameters and numerical simulations
This section demonstrates that the model described in Section 2
is able to emulate many of the characteristic features of the
mechanical behaviour of concrete, i.e. pre-peak and post-peak
non-linearity, dilatancy and ductility. To illustrate this; uniaxial,
biaxial and triaxial simulations are presented and discussed.0
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Fig. 11. Example 1. Uniaxial compression prediction (compression positive).5.1. Constitutive parameters
The model has a relatively small number of constitutive param-
eters with clear physical meanings: the material parameters (see
Table 1) include the elastic properties of the two phases, tensile
strength of the ITZ, crack opening at the end of softening curve
and the maximum coarse aggregate size. In addition, there are
the geometric contact parameters (contact angles, asperity heights
and proportions) as given in Table 2. The elastic properties are ta-
ken from van Mier (1997), Yang (1998) and Yurtdas et al. (2004)
and the tensile strength of the ITZ is based on the experimental
data of Hsu and Slate (1963).
5.2. Example 1. Uniaxial cases
In this example, numerical predictions for uniaxial response are
compared with experimental results. The contact parameters in
Table 1 are used for this simulation. For uniaxial tension, the
experimental data of Reinhardt (1984) and Hordijk (1991) are used
in comparisons (Figs. 10a and 10b) whereas the numerical predic-
tions for uniaxial compression are compared with the experimen-
tal results of Kupfer et al. (1969) and van Mier (1986, 1997)
(Fig. 11).
In the ﬁgures, ft denotes the tensile strength and fc the uniaxial
compressive strength.
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Fig. 12. Example 1. Normalized stress – volumetric strain curves in uniaxial
compression (compression positive).
Table 3
Material parameters. Example 2.
Material property Physical meaning Value
Em (MPa) Young’s modulus of mortar 31,000
EX (MPa) Young’s modulus of aggregate particles 55,000
tm Poisson’s ratio of mortar 0.19
tX Poisson’s ratio of aggregate particles 0.21
fti (MPa) Tensile strength of ITZ 1.0
u0 (mm) Crack opening at the end of softening curve 0.11
dmax (mm) Maximum aggregate size 10
Table 4
Contact parameters. Example 2.
Contact
parameter
Physical meaning Value
mg Tangent of contact
angle
0.25 0.4 0.8 0.5 1 2
k Height of asperity/u0 1 1 1 0.2 0.2 0.2
p Proportion 0.15 0.02 0.1 0.02 0.02 0.25
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Fig. 13. Example 2. Inelastic deformations in uniaxial tension.
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able to realistically capture the characteristic features of uniaxial
tension and compression behaviour. It is noted in particular that
the model predicts the dilatant behaviour observed in uniaxial
compression tests (Fig. 12).5.3. Optimised parameters for uniaxial/biaxial and triaxial
simulations
The model does not include friction on the surfaces or plastic
embedment of one microcrack surface into another. This is be-
lieved to become increasingly important as a specimen is more
constrained which implies that the model will become increasingly
inaccurate as the conﬁning stress (mean compressive stress) in-
creases. Whilst acknowledging the aforementioned shortcoming,
an attempt has nonetheless been made to arrive to a set of param-
eters (Tables 3 and 4) which give the best overall response for all
uniaxial, biaxial and triaxial mechanical behaviour. It will be seen
that these tend to result in a little too much ductility in uniaxial
tension in particular.F
pFig. 13 presents a comparison between the numerical softening
curve in uniaxial tension and experimental curves of Hordijk
(1991). The numerical response in this example is slightly more
ductile than in the previous example and the tensile strength is
overestimated a little (ft/fc = 0.11).
In Fig. 14 the numerical predictions for uniaxial and biaxial
compression are compared with experimental data of Kupfer
et al. (1969) and van Mier (1986, 1997) and Fig. 14 presents the
numerical biaxial envelope. The numerical curves show good gen-
eral agreement with the experimental curves.
In Fig. 15 the predicted biaxial failure envelope is shown in
comparison with the experimental envelopes of Kupfer et al.
(1969) and Gerstle et al. (1978). When comparing the numerical
predictions with the widely quoted ﬁndings of Kupfer et al.
(1969) it would appear that the biaxial compressive strengths are
generally overestimated. However, in an international comparative
research programme (Gerstle et al., 1978) it was shown that the
biaxial strength, as well as the shape of the strength envelope,
can vary considerably depending on the method of testing and size
of the specimen. Fig. 15 includes the inner and outer envelopes
from the aforementioned study for tests with low friction loading
platens. It is apparent that the predicted biaxial stress ratios lie
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ment with experimental results, the proposed model realistically
simulates the envelope in the tension – compression regime.
In Figs. 16 and 17 the predicted strengths under triaxial
conﬁnement are compared with a function empirically derived
by Newman (1979). It can be observed that the increase of strength
is a little overestimated, however the predictions are considerably
more realistic than those obtained with the previous model.
5.4. Parametric study on roughness parameters
An initial set of roughness parameters were determined using
the observations given in Section 3.5 and these were then tuned
by undertaking a numerical calibration exercise. In this section,
the effect of varying the roughness parameters, within a limited
range, is illustrated by considering the effects of changing the
parameters on the following values; rc, rt/rc, rb/rc and ec; where
rc = the peak uniaxial compressive stress, rt = peak tensile
strength, rb = peak biaxial stress at a principal compressive stress
ratio of 1:1 and ec = the strain at peak uniaxial compression.
In the study, all parameters not given in Table 5 are as per Table
3. It may be seen that the same mg values have been used through-
out and the dominant proportions of the regions with large and
small asperities have been kept constant.σ1 
σ2= σcell 
σ3= σcell 
0.006 0.008
Cell 5 MPa
ctions (compression positive).
σ1
σ2= σcell
σ3= σcell
0.15 0.2
erical
gths (compression positive).
Table 5
Contact parameters used in parametric study.
u0 Roughness parameters rc rt/rc rb/rc ec
mg 0.25 0.4 0.8 0.5 1 2 MPa – – –
0.11 k 1 1 1 0.1 0.1 0.1 33 0.11 1.33 0.0022
p 0.15 0.02 0.1 0.02 0.02 0.25
0.11 k 1 1 1 0.1 0.1 0.1 33 0.11 1.34 0.0021
p 0.15 0.02 0.1 0.06 0.02 0.25
0.11 k 1 1 1 0.1 0.1 0.1 29 0.12 1.58 0.0016
p 0.15 0.02 0.02 0.02 0.02 0.25
0.11 k 1 1 1 0.1 0.1 0.1 35 0.11 1.4 0.0022
p 0.15 0.1 0.1 0.02 0.02 0.25
0.11 k 1 1 1 0.1 0.1 0.1 33 0.12 1.15 0.0019
p 0.15 0.02 0.1 0.02 0.02 0.25
0.11 k 1 1 1 0.1 0.1 0.1 33 0.11 1.34 0.00215
p 0.15 0.02 0.1 0.1 0.02 0.25
0.13 k 1 1 1 0.1 0.1 0.1 38 0.10 1.37 0.0025
p 0.15 0.02 0.1 0.02 0.02 0.25
0.11 k 1 1 1 0.2 0.2 0.2 33 0.11 1.17 0.0021
p 0.15 0.02 0.1 0.02 0.02 0.25
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(i) increasing the proportions for the shallower asperities (i.e.
increasing p’s for the larger mg values) increases rc,
decreases rb/rc ratio and increases the ductility.
(ii) Increasing the asperity heights for the shallower asperities
(i.e. increasing the last 3k values in Table 5) decreases rb/rc.
(iii) Increasing u0 increases both strength and ductility.
5.5. Final remarks on simulations
The ﬁnal remarks in this section contrast the situation for
phenomenological macroscopic models – for which uniaxial
compression, uniaxial tension functions and strength envelope
equations are generally prescribed directly – and mechanistic
micromechanical models, in which individual mechanistic com-
ponents combine to predict a response which is not pre-pre-
scribed. This means that the prediction of behaviour as
apparently simple as the uniaxial compressive response of con-
crete, with the near peak associated dilatancy, becomes a signif-
icant challenge. This challenge is, however, worth addressing
because, as alluded to in the introduction to this paper, all pres-
ent macroscopic models have shortcomings. If seen in this con-
text, the model presented here does show considerable
promise and, it is believed, provides a signiﬁcant step towards
a comprehensive and accurate mechanistic micromechanical
model for the mechanical behaviour of concrete.6. Concluding remarks
A micro-mechanical model for cementitious composites is
described which incorporates a new crack initiation criterion based
on an exterior point Eshelby solution. It was shown that the pre-
sented approach successfully simulates the micromechanisms that
lead to failure in the ITZ. The proposed model uses measured
micromechanical material properties, i.e. elastic moduli of the indi-
vidual phases and measured aggregate-mortar interface strength
parameters.
By simulating speciﬁc physical mechanisms at micro and meso
scale; e.g. matrix – spherical inclusion composite, microcrack initi-
ation and propagation, and stress recovery through rough crack
closure; the proposed model captures fundamental characteristics
of the overall macroscopic behaviour: damage induced anisotropy,
dilatancy, realistic biaxial failure envelope and a more favourable
prediction of triaxial behaviour than the previous model.Acknowledgement
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